Renormalization group methods can be applied to the nuclear many-body problem using the approach proposed by Shankar. We start with the two-body low momentum interaction V low k and use the RG flow from the particle-hole channels to calculate the full scattering amplitude in the vicinity of the Fermi surface. This is a new straightforward approach to the many-body problem which is applicable also to condensed matter systems without long-ranged interactions, such as liquid 3 He. We derive the one-loop renormalization group equations for the quasiparticle interaction and scattering amplitude at zero temperature. The RG presents an elegant method to maintain all momentum scales and preserve the antisymmetry of the scattering amplitude. As a first application we solve the RG equations for neutron matter. The resulting quasiparticle interaction includes effects due to the polarization of the medium, the so called induced interaction of Babu and Brown. We present results for the Fermi liquid parameters, the equation of state of neutron matter and the 1 S 0 superfluid pairing gap.
Introduction
Fermi liquid theory is a prototype effective theory, invented by Landau in the late 1950's [1] [2] [3] . In this theory the properties of normal Fermi liquids at zero temperature are encoded in a few parameters, which are related to the effective two-fermion interaction. Over the years, Fermi liquid theory has proven to be an extremely useful tool for studying normal Fermi liquids, in particular liquid 3 He [4] . The main assumption is that the elementary, low lying, excitations of the interacting system are relatively long-lived quasiparticles, with properties resembling those of free particles. The remaining strength in the spectral function is distributed over modes that add up incoherently. In the language of the renormalization group, the incoherent background is integrated out into the quasiparticle interaction, which can be determined by comparison with experiment or by microscopic calculations.
Babu and Brown later realized [5] that, in order to satisfy the Pauli principle in microscopic calculations, one has to take into account not only the particlehole channel considered by Landau, which gives rise to the propagation of zero sound, but also the exchange channel thereof. This is taken into account in the induced interaction, which incorporates the response of the many-body medium to the presence of the quasiparticles.
A decade ago, Shankar revived the interest in Fermi liquid theory by developing a renormalization group (RG) approach to interacting Fermi systems (for an introduction see Shankar [6] and the lecture notes of Polchinski [7] ). Since Fermi liquid theory is restricted to low-lying excitations in the vicinity of the Fermi surface, normal Fermi systems are amenable to the renormalization group, where one has precisely such a separation of modes in mind. Moreover, by taking the loop contributions from both particle-hole channels into account, the RG flow remains antisymmetric, i.e., at any step of the renormalization, the scattering amplitude obeys the Pauli principle and consequently the solution obeys the Pauli principle sum rules. Thus, the antisymmetry of the scattering amplitude, which was the guiding principle of Babu and Brown, is realized naturally in the RG approach. Recently, we obtained additional RG invariant constraints [8] . These approximate constraints are analogous to those obtained by Bedell and Ainsworth for paramagnetic Fermi liquids [9] .
In this paper, we solve the one-loop RG equations in the particle-hole channels at zero temperature and in three dimensions. We work in the approximation that both particle-hole momentum transfers are small compared to the Fermi momentum. The justification for this approximation is two-fold: In Fermi liquid theory the long wavelength excitations play a central role. Hence, our primary aim is to treat these correctly. Furthermore, for the case of nuclear or neutron matter, the dependence of the induced interaction on Landau angle is fairly weak [10, 11] . Thus, we expect an expansion in momentum transfers to be accurate at least for the Fermi liquid parameters. 4 In this approximation the treatment of the particle-hole phase space with cutoffs is enormously simplified. An RG analysis of a schematic model, including the complete particle-hole phase space in two dimensions, is discussed in [12] . Improved RG equations, beyond one-loop order, are presented in [8] .
Here we apply the RG techniques to neutron matter. In neutron matter, the tensor force does not contribute in the S-wave. In this system, a further physical motivation for expanding in small momentum transfers over the Fermi momentum is provided by the unique low momentum nucleon-nucleon interaction V low k [13, 14] , which we employ as the starting point for the RG flow. As shown in Figs. 2 and 4 of Bogner et al. [14] , V low k is significant only for relative momenta k < 1.3 fm −1 . Moreover, from the evolution of V low k shown in Fig. 5 of ref. [14] we deduce that the important momentum modes are around the pion mass m π ≈ 0.7 fm −1 , since higher momenta do not renormalize V low k considerably. Therefore, the typical momentum transfer is small compared to the Fermi momentum of neutron matter at nuclear matter density k F = 1.7 fm −1 .
The main idea of the RG approach to the many-body problem is to "adiabatically" include the in medium corrections to the effective interaction by solving the RG flow equations in the relevant channels. In this exploratory calculation we include the particle-hole channels, which play a special role in Fermi liquid theory. The main effect of scattering in the particle-particle channel, the removal of the short-ranged repulsion, is taken care of by using V low k as the starting point for the RG flow. The low-lying excitations in this channel, which are responsible e.g., for superfluidity, are not included. These are then treated explicitly in Section 4.2, where we compute the superfluid gap by employing BCS theory for the quasiparticle interaction.
In the RG approach, the width of the momentum shell that is integrated out in one iteration is a "small parameter". The full scattering amplitude is an RG invariant quantity. In a conventional approach, this is calculated from a "set of diagrams" while in the RG approach it is continuously evolved from the starting interaction by gradually including the many-body corrections from the narrow momentum shells one at a time. In this sense the RG provides a method for dealing with strongly interacting systems, where perturbation theory fails. We stress that this application of the renormalization group to many-body systems is only indirectly related to the well known RG treatment of critical phenomena.
We derive the one-loop renormalization group equations for the quasiparticle interaction and the scattering amplitude at zero temperature. The evolution of the effective mass is included in the RG flow, as well as a simplified treatment of the renormalization of the quasiparticle strength. In the forward scattering limit, the role of the energy transfer is in the RG taken over by the cutoff in momentum space. We find that, in the long wavelength limit, the scattering amplitude depends on the value of Λ/q. In the limit Λ/q → 0, one obtains the scattering amplitude, while the limit q/Λ → 0 gives the quasiparticle interaction. These limits correspond to the singular dependence of the fourpoint vertex on ω/q in the microscopic derivation of Fermi liquid theory by Landau.
Finally, we present the solution of the RG equations for neutron matter. These are obtained by employing the unique low momentum nucleon-nucleon interaction as the initial condition of the RG. Our results include the Fermi liquid parameters in the density range of interest for neutron stars as well as the full scattering amplitude for general (non-forward) scattering on the Fermi surface. Using the Fermi liquid parameters, we compute the equation of state, including polarization effects, by integrating the incompressibility [15] . Finally, we compute the 1 S 0 superfluid pairing gap using weak coupling BCS theory. This is an application of our approach, which probes the angular dependence of the scattering amplitude. We generally find very good agreement with the results obtained in the polarization potential model by Ainsworth, Wambach and Pines [16, 17] . However, it is worth noting that much of the model dependence, inherent in the work of Ainsworth et al., can be avoided in the RG approach.
Renormalization group at one-loop
Shankar suggested that the relevant modes of a normal Fermi system may be isolated in a similar manner as for critical phenomena. In analogy with a Wilson-Kadanoff treatment of the latter [18] , he proposed to separate the "slow" modes from the "fast"
5 ones by imposing a cutoff around the Fermi surface [19] . Using a loop expansion, one can systematically generate the effective quasiparticle scattering amplitude and the effective quasiparticle interaction among slow quasiparticles and slow quasiholes at a given scale Λ.
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It has been shown that, in this approach, Fermi liquid theory emerges in the infrared limit when the cutoff is taken to zero [6, 7, [19] [20] [21] [22] [23] [24] [25] .
Recently we derived the flow equations for the effective scattering amplitude and the quasiparticle interaction from the induced interaction of Babu and Brown [8] . In this paper, we employ the one-loop RG equations to compute the full scattering amplitude and the quasiparticle interaction on the Fermi surface starting from the vacuum two-body interaction. As we decimate down to the Fermi surface by letting Λ → 0, we obtain not only the forward scattering amplitude for low-lying quasiparticle-quasihole excitations, but also the amplitude for general (non-forward) scattering processes of quasiparticles on the Fermi surface in the small momentum approximation.
In a loop expansion, the induced interaction corresponds to a summation of the direct and exchange particle-hole channels in a particular kinematic window, while loop contributions from the particle-particle (BCS) channel, are not summed by the RG equations derived in [8] . Thus, the contributions from the BCS channel should be included in the particle-hole irreducible driving term. In practice, one usually restricts oneself to the two-particle ladders with the bare nucleon-nucleon interaction or a simple generalization thereof, where the lowest order renormalization of the quasiparticle strength is included [10] .
In the present work, we explore the one-loop truncation of the RG equations. When only one channel is considered, the one-loop RG equation is exact in the sense that it is equivalent to the corresponding scattering equation. When both the direct and exchange channels are included, the scattering amplitude remains antisymmetric under the RG flow. Calculations with the induced interaction for liquid 3 He and nuclear matter show that the systematic inclusion of exchange channel contributions is crucial for obtaining a realistic description of the effective interaction [9] [10] [11] [26] [27] [28] [29] . Therefore, we expect the one-loop RG to capture the essential physics of the soft modes near the Fermi surface. Moreover, with the one-loop RG equations we clarify the role of the cutoff in obtaining the forward scattering amplitude and the quasiparticle interaction from the effective vertex function. In this approximation, our RG equations are equivalent to those obtained previously by Dupuis [20] .
The two one-loop particle-hole contributions to the effective four-point function are shown in Fig. 1 , where the integration is restricted to a fast particle and a fast hole. The effective four-point vertex γ depends on three momentum variables, the cutoff and the energy transfer ω in the zero sound channel,
7 For energy-independent initial conditions, one can set the energy transfers ω and ω ′ to zero in the RG equations. Here we retain only the ω for the purpose of discussing the limits ω/q → 0 and q/ω → 0. The role of ω for the purpose of obtaining the forward scattering amplitude and the quasiparticle interaction is then taken over by the cutoff Λ, as we will show in the next section. where q ′ = p − p ′ . Under exchange, the momentum transfer q and q ′ have to be interchanged, whereas the particle-pair momentum p + p ′ remains invariant. We note that in the limit |q| → 0, the scattering amplitude describes long-wavelength excitations in the zero sound channel, while |p + p ′ | → 0 corresponds to the BCS pairing singularity.
We define the effective quasiparticle interaction f (q ′ ; Λ) at the scale Λ by the limit
and the effective quasiparticle scattering amplitude, extended to finite momentum transfer q, by
In order to allow a proper treatment of the momentum dependence in the exchange channel, we generalize the effective interaction f (q ′ ; Λ) to finite q, f (q, q ′ ; Λ), keeping in mind that the Landau quasiparticle interaction is obtained for |q| = 0.
The RG equations at one-loop and zero temperature are given by [8] 
where g denotes the spin-isospin degeneracy, for neutron matter g = 2, and z k F is the quasiparticle strength at the Fermi surface. The effective scattering amplitude includes contributions from both the ZS and ZS' channel, whereas for the effective interaction only the exchange contribution, which corresponds to the induced interaction [5] , remains. The vertices in the one-loop diagrams are given by the scattering amplitude at the current scale. Consequently, the renormalization due to the fast modes in both particle-hole channels is included. Furthermore, since we will employ the unique, energy-independent low momentum nucleon-nucleon interaction of Bogner et al. [13, 14] as initial condition of the RG flow, we have set the energy transfer to zero, in particular ω = 0, in the above RG equations. Note that the derivatives with respect to Λ on the right hand side of Eqs. (4,5) act only on the phase space factors. Furthermore, in order not to overload the equations, we have suppressed the spin variables. They will be discussed in detail below. It is apparent that the RG equation, Eq. (4), preserves the antisymmetry of the scattering amplitude under the RG flow. Hence, the Pauli principle sum rules [3, 30] are automatically fulfilled for the resulting Fermi liquid parameters.
As motivated in the introduction, we evaluate the one-loop beta functions in the long-wavelength approximation. Obviously, the phase space for the intermediate particle-hole pair in the ZS channel is open for Λ < q/2, where q denotes |q|, with an analogous expression for the ZS' channel, see Fig. 2 . For small q, q ′ , the integration over p ′′ in the beta functions reduces to an integration over a solid angle on the Fermi surface. We find for the RG equations at zero temperature
The factor N(Λ) = g m ⋆ (Λ) k F / 2 π 2 denotes the density of states at the Fermi surface. The effective mass is determined self-consistently from the effective interaction
The effective mass is continuously adapted as the flow equations are integrated towards the Fermi surface. In Eq. (9), f 1 (Λ) is given by the projection of the quasiparticle interaction on the l = 1 Legendre polynomial. If one restricts the analysis to the ZS channel and assumes that the Fermi liquid parameters are given, the solution of the flow equation reproduces the relations between the quasiparticle interaction and the forward scattering amplitude. In the appendix we give a detailed derivation of the beta function in Eqs. (6) (7) (8) and the solution of the RG equation in the ZS channel.
For Λ ≥ k F , the particle-hole contributions vanish in the momentum range of interest q, q ′ ≤ 2k F (see the explicit expressions given in the appendix). Hence, we can start the decimation at Λ 0 = k F with a particle-hole irreducible boundary condition on the RG equations, Eqs. (7, 8) . This boundary condition may be identified with the direct interaction of [5] . We approximate the direct interaction with the vacuum two-body low momentum interaction V low k at a cutoff scale Λ V low k = √ 2k F . The choice of the cutoff approximately accounts for the Pauli blocking of intermediate states in the BCS channel, which suppresses large structures, like the quasi bound state in the 1 S 0 channel and tames the short range repulsion of the nucleon-nucleon interaction. Since, in isotriplet channels, V low k is almost independent of the cutoff over a large range, the precise value of Λ V low k is not crucial. Furthermore, we allow for a minimal in medium correction of the starting values, in terms of the renormalization of the quasiparticle strength z k F . To a certain extent this accounts for the contribution of higher order particle-hole irreducible diagrams to the direct interaction [10] . At the initial cutoff Λ 0 , we thus have
where γ vacuum (q, q ′ ) will be specified below. We solve the RG flow with two different assumptions for the z k F factor. In one case, we will use a static, density-independent mean value of z 2 k F = 0.9 which remains unchanged under the RG. In the other case, we compute the z k F factor dynamically, by assuming that the change of the effective mass from the initial one, owing to the direct interaction, is due to the z k F factor alone. We then adapt the factor z 2 k F in the RG equations, Eqs. (7, 8) , self-consistently as we decimate to the Fermi surface, i.e., we start with z k F (Λ 0 ) = 1 and change the z k F factor according to
This approximation includes the momentum dependence of the self-energy corresponding to the direct interaction in m ⋆ (Λ 0 ) and we make the reasonable assumption that the modification of the effective mass due to the induced interaction is dominated by the so called E-mass [31] . We shall see later that this approximation leads to a z k F factor in rather good agreement with Brueckner-Hartree-Fock calculations [32, 33] 
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Finally, we assume that the interacting particles are on the Fermi surface. The momentum variables q, q ′ , and p + p ′ then form an orthogonal set of basis vectors, which follows straightforwardly from the conditions |p ± q/2| = k F and |p ′ ± q/2| = k F . Our geometry is shown in Fig. 3 , where θ q and θ q ′ denote the angles between p + q/2, p − q/2 and p + q/2, p ′ + q/2 respectively and are related to the momentum transfer by means of
The orthogonality of our coordinate system is very convenient for the numerical implementation in evaluating the arguments of the scattering amplitude in the beta functions. Given this geometry, the scattering amplitude depends only on the magnitude of the two momentum transfers q and q ′ . Under the restriction that the momenta of the quasiparticles are constrained to the Fermi surface, we have q 2 + q ′2 ≤ 4 k 2 F or equivalently cos θ q + cos θ q ′ ≥ 0.
9 Our definition of θ q ′ differs from the angle θ L between the momenta p and p ′ employed by Ainsworth and Bedell [29] . The relation between the two angles is given by 2 cos
The beta functions involve scattering to fast particle-hole intermediate states away from the Fermi surface. In the coordinate system shown in Fig. 3 , one finds
For small q, p · p ′ ≈ cos θ q ′ . Using these relations we obtain the approximate expression
which allows us to smoothly extend the RG flow to
, where Eq. (14) is not useful.
3 The forward scattering limit in the RG and the inclusion of spin At the one-loop level, the solution of the RG flow in the particle-hole channels is particularly transparent and involves only the effective scattering amplitude. The quasiparticle interaction at arbitrary cutoff is simply given by the q = 0 values of the scattering amplitude,
In Fermi liquid theory, the singularity in the ZS channel can be used to eliminate the quasiparticle-quasihole contributions in this channel by taking the limit q/ω → 0. For an energy-independent RG flow, the role of ω is taken over by the cutoff. In the RG equation, Eq. (7), the ZS contribution can be explicitly eliminated by setting q to zero (see also Fig. 2 , where the contributions from a fast particle and a fast hole are absent for q = 0). Therefore, the forward scattering limits in Fermi Liquid Theory (FLT) are in the RG approach at zero temperature obtained by
This is analogous to the q/ω → 0 and ω/q → 0 limits in Fermi liquid theory. The forward scattering amplitude and the Fermi liquid quasiparticle interaction are obtained as stable solutions of the RG equation, Eq. (7), as the cutoff is taken to zero. We note that the beta functions explicitly depend on the cutoff and the momentum transfer in the particular channel. In fact, This is exactly what is found in the constraints derived in [8] .
The inclusion of spin is straightforward. We find the RG equation for the scattering amplitude, a(q,
where the coefficients in Eq. (21) are the recoupling coefficients generated by the spin exchange operator (see [8] ). In [34] , the RG flow is illustrated for a schematic model of spin polarized fermions.
Results
We initialize the RG flow with the unique low momentum nucleon-nucleon interaction V low k of Bogner et al. [13, 14] . This is derived from realistic nucleonnucleon potentials, such as the Bonn, Paris, Argonne or Nijmegen interaction, by integrating out the high momentum modes while preserving the halfon-shell T matrix and consequently the experimental phase shifts. In V low k the short range repulsion has been tamed. Therefore, it is possible to perform many-body calculations directly with V low k without first computing the Brueckner G matrix. In fact, as discussed above, V low k exhibits many of the salient features of the G matrix.
In the case of a static, cutoff independent z k F factor, a minimal in medium correction to the direct interaction is, as discussed above, included by multiplying
from the start of the RG. After projecting out the non-central components, the direct and exchange contribution are in a partial wave basis given by
where we set T = 1 for neutron matter and P l denotes the Legendre polynomial of degree l. We include all partial waves up to J ≤ 6 in the driving term. Furthermore, we have introduced the dimensionless scattering amplitude A by means of
In the scattering geometry discussed in the previous section, q and q ′ are orthogonal and thus the magnitude of the relative momentum in the initial and final states are both given by
Let us now discuss the choice of the cutoff in the direct interaction, Λ V low k .
In [8] we argued that for the scattering of two particles with total momentum p + p ′ = 0 relative to the Fermi sea, the choice Λ V low k = k F accounts for the Pauli blocking of the intermediate states. For non-zero total momenta, the effect of Pauli blocking is on the average more severe. The Pauli blocking factor, averaged over the total momentum of two particles on the Fermi surface, corresponds to an angular averaged cutoff of ≃ 1.5 k F . We choose the cutoff for the low momentum nucleon-nucleon interaction at Λ V low k = √ 2 k F . 10 A further argument in favor of a cutoff Λ V low k larger than k F is obtained from an analysis of the momentum transfers that are probed in the RG flow. The flow equations, Eqs. (4, 5) , reveal that momentum transfers up to k max = √ 5 k F /2 are needed. Strictly speaking V low k is defined only for momenta less than the cutoff. Consequently, in a consistent description one would like to have k max < Λ V low k . Clearly this condition is violated for Λ V low k = k F and satisfied for our choice for the cutoff.
The numerical procedure for solving the RG equations, Eq. (7) scattering amplitude is by construction preserved under the RG
Furthermore, the Fermi liquid quasiparticle interaction and the forward scattering amplitude, Eqs. (19, 20) , must satisfy general relations of Fermi liquid theory. The Fermi liquid parameters are given by the projection of the quasiparticle interaction on Legendre polynomials
where θ q ′ is the angle between the quasiparticle momenta p and p ′ in the limit q = 0. Similarly, the forward scattering amplitude is expanded in Legendre polynomials
The forward scattering amplitude is related to the Fermi liquid parameters through
These relations are fulfilled by our numerical solution with an accuracy of the order of ∆q/k F and ∆q ′ /k F , where ∆q and ∆q ′ are the momentum grid spacings in q and q ′ respectively. In Fig. 4 , we compare the numerical RG solution for the forward scattering amplitude to that obtained from the corresponding quasiparticle interaction using these relations, Eqs. (28, 29) . The antisymmetry of the scattering amplitude is preserved with machine precision.
We start the discussion of the numerical results by presenting the change of the effective mass, i.e., the ratio of the effective mass obtained from the direct interaction to the full effective mass. The ratio m ⋆ (Λ 0 )/m ⋆ (Λ) is taken as an approximation to the running z k F factor in the RG flow. The final value m ⋆ (Λ 0 )/m ⋆ (Λ = 0) is shown in Fig. 5 . For Fermi momenta 1.0 fm −1 < k F < 1.5 fm −1 , this approximation agrees well with the values obtained in Brueckner-Hartree-Fock calculations including rearrangement terms, as reported by Zuo et al. [32] . At lower densities, 0.5 fm −1 < k F < 1.0 fm −1 , the agreement is qualitatively good, but we find a somewhat smaller value of the z k F factor compared with the results of Baldo and Grasso [33] . We notice that, for densities below k F = 0.5 fm −1 this procedure yields a quasiparticle strength slightly larger than one, while above 1.5 fm −1 , the resulting z k F increases with density. The increase of z k F with density cannot be excluded from first principles, but seems unlikely. Thus, we conclude that our simple procedure seems to work reasonably well in the density range 0.5 fm −1 < k F < 1.5 fm The circles denote the direct contribution only (z k F = 1, but including the effective mass in the density of states), whereas the squares (constant z k F factor) and the triangles (adaptive z k F factor) are calculated from the full RG solution. The results of Wambach et al. [17] are given for comparison as dashed lines.
outside this range, corrections due to e.g., rearrangement terms, are probably needed. In this paper, our emphasis is on particle-hole polarization effects.
The Fermi liquid parameters and the scattering amplitude at finite q
In Fig. 6 we show our results for the l = 0 and l = 1 Fermi liquid parameters as functions of the Fermi momentum. Since the RG flow is antisymmetric by construction, the Fermi liquid parameters obey the Pauli principle sum rules [3, 30] . The low momentum interaction drives the flow in the ZS' channel for the quasiparticle interaction and thus our results include effects of the induced interaction of Babu and Brown.
11 A further advantage of the RG approach is that the calculations can be performed without truncating the expansion of the quasiparticle interaction, Eq. (26), at some l.
Generally, we find a very good agreement between our results 12 and the ones obtained using the polarization potential model by Ainsworth, Wambach and Pines [16, 17] . There are minor differences in the value of the effective mass, which is treated self-consistently in the RG approach. We note that, in the density range 0.6 fm −1 < k F < 1.4 fm −1 , we find that the effective mass at the Fermi surface exceeds unity. The quasiparticle interaction was also calculated previously using the induced interaction in [27, 35, 36] . In these papers the value for the spin dependent parameter G 0 is in good agreement with ours, while the spin independent one F 0 in general is more attractive. We stress the important role of the large G 0 for the induced interaction. This Landau parameter causes the strong spin-density correlations, which in turn enhance the Landau parameter F 0 and consequently the incompressibility of neutron matter.
The RG approach enables us to compute the scattering amplitude for general scattering processes on the Fermi surface, without making further assumptions for the dependence upon the particle-hole momentum transfers q and q ′ . In Fig. 7 , we show the full scattering amplitude for different values of the momentum transfer q and different densities. We recall that for scattering on the Fermi surface the exchange momenta are restricted to
The scattering amplitude at finite momentum transfer is of great interest for calculating transport processes and for assessing the consequences of superfluidity in neutron stars.
The
1 S 0 superfluid gap It has been discussed by several authors that polarization effects, which are necessary in order to satisfy the Pauli principle in microscopic calculations, have a profound influence on superfluidity in neutron stars [16, 17, 37, 38] . A reduction of the pairing gap due to polarization effects was first found by Clark et al. [37] . Subsequently, Ainsworth, Wambach and Pines explored particle-hole polarization effects in detail, using the framework of the induced interaction [5] combined with the polarization potential model [16, 17] . They found a large reduction of the 1 S 0 superfluid gap from a maximum gap of 5 MeV to 0.9 MeV, respond to terms, where the renormalization is due to integrating out internal lines of the vertex functions γ in Fig. 1 . In the parquet equations, they correspond to certain diagrams involving left or right vertex corrections in the direct or exchange particle-hole channel. 12 We note that at large Fermi momenta a smaller z k F factor, as discussed above, would lead to an overall decrease of the magnitude of the Fermi liquid parameters.
when the induced interaction was included. A reduction to similar magnitude was obtained by Chen et al. [39, 40] in a variational calculation, when CBF correlations were included. Recently, Schulze et al. [36] also found a substantial reduction of the gap by employing a phase-space averaging method to extrapolate the scattering amplitude to back-to-back kinematics.
Nevertheless, when one compares these calculations in more detail, one finds, that the maximum gap and the density dependence vary appreciably among the different approaches (for a review on superfluidity of neutron matter and a compilation of the results, see the recent notes by Lombardo and Schulze [41] ). Consequently, further studies are needed in order to improve the microscopic calculations and to make reliable predictions of superfluid properties of neutron stars. The RG approach offers a systematic framework for computing the quasiparticle scattering amplitude, which is needed in the calculation of the superfluid gap. In this paper we have presented a straightforward application of the RG method, where both momentum scales, q and q ′ , are treated on the same footing and consequently the antisymmetry of the scattering amplitude is preserved. Moreover, the RG method can provide a unifying and transparent framework for the particle-particle and particle-hole effects. Finally, by using the unique low momentum interaction V low k as the direct interaction, much of the model dependence is removed.
We estimate the 1 S 0 pairing gap using weak coupling BCS theory. The pairing matrix element averaged over the Fermi surface is given by
where the momenta for back-to-back scattering are constrained by q 2 + q ′2 = 4 k 2 F . An estimate of the superfluid gap is then given by the weak coupling formula [43] 
where
⋆ denotes the Fermi energy and we use the same prefactor as Ainsworth et al. [16, 17] . For liquid 3 He, the weak coupling BCS results for the critical temperature are in remarkable agreement with experiment when experimental Fermi liquid parameters are used as input [43, 44] . For the direct interaction, the pairing gap, Eq. (31), with a free single particle spectrum is 13 The factor 1/8 in Eq. (30) consists of a factor 1/2 for the average over cos θ q , another factor 1/2 for the reduction of the full density of states to that of one spin species. The remaining factor 1/2 accounts for the normalization of the antisymmetrized contact interaction employed in the standard derivation of the weak coupling result (see e.g., [42] ). given by
In Fig. 8 we show the superfluid gap computed with the direct term only, Eq. (22), as well as that obtained with the RG solution for the scattering amplitude. To facilitate the comparison with other calculations, the gap due to the direct interaction is given for a free single particle spectrum, i.e., m ⋆ /m = z k F = 1. The agreement of the weak coupling result using V low k , Eq. (31), with the full solution of the BCS equation using the free nucleon-nucleon interaction is remarkably good. In such calculations a maximum gap of about 3 MeV at a Fermi momentum of 0.8 − 0.9 fm −1 is found for several realistic interactions (for an overview of the results see Fig. 2 in [41] ; see also [45] [46] [47] ).
In the full RG calculation, including particle-hole polarization effects, we find a much smaller gap; the maximum gap is 0.8 MeV at a Fermi momentum of k F = 0.8 fm −1 . Here, both the effective mass and the quasiparticle strength z 2 k F are taken into account in the quasiparticle scattering amplitude. The gap is in good agreement with that obtained by Wambach et al. [17] , which is shown for comparison in Fig. 8 . The results obtained in other calculations, which include polarization effects, are compiled in Fig. 7 of [41] .
We observe that the full gap vanishes at k F = 1.45 fm −1 both for a constant and an adaptive z k F factor. Moreover, at the lowest Fermi momentum we considered, k F = 0.2 fm −1 , the ratio of the full to the direct gap is given by ∆/∆ 0 = 0.43, which is close to the universal low density limit ∆/∆ 0 = (4e) −1/3 ≈ 0.45 [48] .
In the direct interaction, V low k , particle-particle ladder diagrams are included for large relative momenta, k > Λ V low k . In fact, we argued that the cutoff accounts for the Pauli blocking of intermediate particle states. This raises the question of double counting, since the BCS equation also sums particle-particle ladders. However, since the gap is generated by low lying two-particle and twohole states, which are excluded in V low k due to the cutoff at √ 2 k F , the double counting problem is minimal. Furthermore, because the cutoff dependence of V low k is very weak in the density range relevant for superfluidity, any residual double counting, due e.g., to states above the cutoff that contribute to the solution of the BCS gap equation, would not affect our results significantly.
We note that by using a density dependent cutoff, we recover the correct low density limit, where the effective neutron-neutron interaction is given by the free T matrix. This follows because the low momentum interaction V low k approaches the T matrix for momenta below the inverse S-wave scattering length, i.e., Λ V low k ∼ k F ≪ 1/|a S |, as shown in Fig. 5 of [14] . In particular,
14 and we recover the well known low density results in Eq. (32) , where the gap is given by the phase shifts [49] . However, due to the large neutron-neutron scattering length, the low density expansion is applicable only for Fermi momenta below k F ≪ 1/|a S | = 0.05 fm −1 , which corresponds to extremely small densities, well below neutron drip. Since neutron star matter at such densities is in a solid phase, the strict low density expansion in k F a S is not relevant for the physics of neutron stars.
Finally, we remark that the physical pairing gap is given by z k F ∆. Thus, our results should be multiplied by the quasiparticle strength given in Fig. 5 .
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We stress that the physical effect responsible for the strong reduction of the gap is the polarization by the many-body medium. A detailed analysis of the influence of self-energy contributions on the superfluid gap can be found in [33, 50, 51] .
Particle-hole polarization may have a strong effect also on the color superconducting gap in high density QCD. We plan to explore these effects using the methods presented here in future studies.
The equation of state of neutron matter
In contrast to nuclear matter, neutron matter does not saturate. It is stable only if the positive pressure is balanced by an external force, as e.g., gravitation in a neutron star. Therefore, it is possible to compute the equation of state of neutron matter using the Fermi liquid parameters presented in Section 4.1. This method, which accounts for polarization effects on the equation of state, was first employed by Källman [15] .
The speed of sound c S of a Fermi liquid is given by the incompressibility K [52]
where ρ denotes the mass density and K is the incompressibility. The latter is in Fermi liquid theory given by
In the density range of interest, the neutrons may to a good approximation be treated non-relativistically. Thus, the mass density is given by ρ = m n, where n = k 3 F /3π 2 is the number density. Now, we can solve the differential equation
for the equation of state P (n). The incompressibility is computed at each density using the Fermi liquid parameters obtained in the RG approach. The energy per neutron is then computed by integrating the thermodynamic relation
This approach requires two initial conditions for the differential equations, Eqs. (35, 36) . One can match our results with a conventional equation of state P C (n) at a certain matching density n M . For n > n M , the resulting equation of state P (n) reads
with a corresponding equation for the energy per particle. We match the pressure and the energy to the V low k Hartree-Fock equation of state at the density n = 0.02 fm −3 . This is the lowest density given by Akmal et al. [53] . 16 We stress that the equation of state depends on the matching condition. The energy is particularly sensitive, since it requires two constants of integration. Below we give a parametrization of the pressure, with the boundary condition P (n = 0) = 0,
With this parametrization, the reader can match our equation of state to a conventional one at low densities.
The resulting pressure and the energy per neutron are shown in Fig. 9 . We note that the Hartree-Fock energy obtained with V low k and the energy obtained from the direct Landau parameters do not coincide. This is solely due to the density dependence of the cutoff Λ V low k , which gives rise to additional contributions to the effective interaction. However, since a major part of these contributions correspond to particle-hole propagation in the ZS' channel, they are to a large extent part of the induced interaction and should not be included in the direct term. Consequently, the difference between the Hartree-Fock energy and that obtained using the full induced interaction is due to higher order particle-hole polarization effects [10] .
Relative to the V low k Hartree-Fock calculation [54] there is an increase in pressure and energy below nuclear matter density. Compared to other nonrelativistic equations of state [55, 53] , the pressure and energy is somewhat larger at low densities. 17 At densities above 0.11 fm −3 , corresponding to Fermi momenta k F > 1.5 fm −1 , the resulting z k F factor is larger than that found in Brueckner-Hartree-Fock calculations, as noted above. A smaller z k F factor would reduce the attractive contribution from F 0 and thus lead to an increase of the incompressibility and consequently also of the pressure and the energy for n > 0.11 fm −3 in our calculation. We conclude that polarization effects possibly have an important impact on the equation of state, which should be included in a consistent treatment of neutron star superfluidity and neutron star structure.
Summary and conclusions
In this work, we have developed a practicable framework for renormalization group calculations of strongly interacting Fermi systems. We employed the RG approach to compute the quasiparticle interaction and scattering amplitude on the Fermi surface for neutron matter, which for many purposes is a good approximation to neutron star matter, where there is a small admixture of protons. Our approach follows the ideas of Shankar in applying RG techniques to the interacting fermion problem [6, 19] .
RG methods used to solve multi-channel problems have several advantages. First, all channels and the corresponding momentum scales can be treated on equal footing in a systematic way, which can accommodate fundamental symmetries, such as the Pauli principle. In this study, we considered the RG flow in the particle-hole channels at the one-loop level. An expansion in momentum transfers was performed, which enabled us to compute the beta functions analytically. We note that it is fairly straightforward to include the particleparticle channel in the RG equations for the scattering amplitude and the quasiparticle interaction. This opens the possibility to explore the interference of the particle-hole and particle-particle channels. A calculation of this kind corresponds to solving the "parquet equations at the one-loop order". The expansion in momentum transfer can be removed by computing the complete particle-hole phase space [12] .
In contrast to the traditional approach to the many-body problem, the RG adapts the starting vacuum interaction to include the in medium effects due to the fastest particle-hole excitations. In the subsequent iteration, this renormalized interaction is modified to account for the next fastest modes. Therefore, at every step, the flow of the effective interaction is expanded around the current system, which highlights the efficacy of the approach. Moreover, the RG flow is physically very transparent, since the effects of the high momentum modes are readily tractable. We believe that the RG method is a promising tool for studying a wide range of nuclear many-body problems. At the one-loop level and at zero temperature the RG equations are particularly transparent. We found an ambiguous long-wavelength limit, analogous to that appearing in the original treatment of Landau, which can be used to distinguish between the quasiparticle interaction and the forward scattering amplitude. This implies that, at the one-loop level, it is necessary to solve only the RG equation for the scattering amplitude. The quasiparticle interaction is then obtained in the corresponding limit. A test for the consistency of the solution is provided by general relations between the forward scattering amplitude and the Fermi liquid parameters.
We solved the RG equations in the particle-hole channels for neutron matter, where tensor interactions are absent in relative S-states. The RG flow includes the exchange channel and thus it builds up the polarization effects of the induced interaction of Babu and Brown. Our results for neutron matter are very encouraging and provide strong motivation for further developments of the RG approach to the nuclear many-body problem as well as for condensed matter systems.
In the calculation polarization and self-energy effects have been treated selfconsistently. The latter have been included in a simple approximation, which nevertheless led to good quantitative results at intermediate densities.
Results for the Fermi liquid parameters and the scattering amplitude for the density range of interest to neutron stars were presented. The Fermi liquid parameters satisfy the Pauli principle sum rules by construction. Moreover, polarization effects lead to an enhancement in the pressure and the energy per neutron below nuclear matter density. As a first application, which probes the momentum dependence of the scattering amplitude, we computed the 1 S 0 superfluid gap using weak coupling BCS theory. A reduction from a direct gap of 3.3 MeV to 0.8 MeV was found. Our results confirm the importance of particle-hole polarization effects for superfluidity. A further application of the scattering amplitude at finite momentum transfers is in calculations of transport processes.
For a similar analysis of nuclear matter, it is necessary to extend the flow equations to incorporate tensor interactions. These are important for a complete discussion of nuclear matter and we expect rather large renormalization effects from the arguments given in [8] . Moreover, tensor correlations and the tensor Fermi liquid parameters play an important role in the physics of dense matter [57] . As noted in the introduction tensor forces are less pronounced in neutron matter, since they are not operative in relative S-states. However, for specific quantities the tensor force may be of crucial importance.
To date, polarization effects on the 3 P 2 -3 F 2 pairing of neutrons have not been addressed and a quantitative analysis is very much needed. Pethick and Ravenhall argue that both density and spin-density fluctuations would increase the gap in this state and thus possibly extend the superfluid regime to lower densities [38] . Once the RG approach is adapted to allow for tensor forces, it should be straightforward to address this problem [58] .
where we have set z k F = 1 for simplicity. We propose to think of q as an external scale, since it must be kept finite and may only be set to zero after integrating the RG equation. The solution of the RG equation in one channel, Eq. (A.7), is obtained by integrating from the initial condition a l (Λ = q/2) = a l . The RG initial condition being the Fermi liquid parameters is understood, since we assume that the flow in the ZS' channel has been carried out to build up the quasiparticle interaction or equivalently the Fermi liquid parameters are taken from experimental measurements.
